To analyze on-chip spiral inductors efficiently, an alternating direction implicit (ADI) finite difference time-domain (FDTD) method is proposed for general dispersive media. The time-domain recursiveconvolution iteration equation can be used to calculate the Debye, cold Plasma, and Lorentz media in the same formula. A locally conformal technique, named medium parameters weighting method is proposed to modeling complex structure accurately. The spiral inductor integrated on the silicon substrate has been analyzed by using conformal ADI-FDTD method. And the simulation results are in agreement with the measured results. These data have been obtained over a wide frequency range from 0.1-20 GHz. The proposed method can easily be used as an accurate computer-aided design tool for radio-frequency integrated circuits.
I. INTRODUCTION
The radio-frequency (RF) integrated circuits are increasing important in modern wireless communications. Very often, on-chip spiral inductors are used in monolithic millimeterwave and microwave integrated circuits. This device has intrinsic merits of low cost, ease of fabrication, and good repeatability, which can be applied to matching network, passive filter, inductive load, transformer and high-speed voltage controlled oscillators, etc. Practically, since the substrate is of finite size, some energy is radiated out from the edge of the substrate and loss is introduced. The loss can degrade the circuit performance and limit the quality-factor. To solve these problems, some unconventional technologies have been exploited [1] , [2] , but their costs are too high for large-scale productions.
Two different approaches are usually used to model the spiral inductor on a silicon substrate, namely the single-π
The associate editor coordinating the review of this manuscript and approving it for publication was Mengmeng Li. network [3] - [5] and distributed circuit. The former can be estimated the parameters at low frequencies but not for geometric model of large size. The latter considered the parasitic effects at high frequency and the layout parameter, but it is quite difficult to manage for RF circuit designers.
With development of computational electromagnetics, one can model the inductor characteristics accurately by using three dimensional (3-D) electromagnetic simulation solver [6] - [8] . A full-wave method is used to process the substrate loss of the inductor [6] . To analyze spiral inductors on layered silicon substrates [7] , the volume integral-equation method is employed to detect the uneven current distribution in the coil [8] ; and a semi-analytical model is built for the circular spiral inductors on a substrate. Although they have achieved good experimental results, some methods can not be used in more complex structure, such as the honeycomb oxide trench, buried layer renewal and radial patterned ground shield [2] , [9] .
The finite-difference time-domain (FDTD) method is a useful tool; it can be used analyzing the complex structure properly [10] . However, it is limited by Courant-Friedrichs-Lewy (CFL) condition. Computational efficiency is degraded while complex structures is simulated. To overcome the limitation of CFL condition, an alternating-direction implicit finite-difference time-domain algorithm (ADI-FDTD) has been proposed [11] ; a higher computation efficiency can be achieved. To reduce the staircase numerical error, a conformal FDTD scheme was introduced [12] , [13] . The rigorous analytical tool proposed determines the definition of effective permittivity ε eff . A more simple technique, based on heuristic considerations, has been proposed in [14] . This technique does not need to deform the local lattice but it requires a minimal computation time. A 3-D finite time domain method is proposed to reduce numerical dispersion error [15] , and the ADI-FDTD method is tried for the dispersion medium use [16] . In [17] , a leapfrog method combined with the auxiliary differential equation (ADE) can calculate the dispersion medium, and achieved good results. An efficient one-step leapfrog ADI-FDTD algorithm using parallel computing has also been used to increase the stability of computing, which is more flexible with process allocation and requires fewer data communications [18] . However, the number of dispersion medium is considered very limited in the field of FDTD community.
In this article, the dispersion model of semiconductor is considered at high frequencies specifically. The conformal ADI-FDTD method is applied to analyzing the silicon substrate. Unlike the algorithm in [10] and [12] , the proposed formula is capable of solving linearly dispersive and lossy media problem. The conformal technique is also used to model complex structures accurately [14] . The broadband models proposed consist of ideal lumped elements only and, thus, they are compatible with the transient analysis in common circuit simulators. The results can be applied to a general class of on-chip spiral inductors.
The rest of article is organized as follows. In section II, the general dispersion media ADI-FDTD formula is derived; and the volume weighted average conformal principle of effective permittivity or permeability has been applied to modeling complex structure accurately. The Structure of inductor on chip is described, and cross section of silicon is also shown in the Section III. Then we have checked the stability of our code, and obtained numerical result for simulation and experiment to verify the proposed method in Section IV. Finally, some conclusions are given in Section V.
II. CONFORMAL ADI-FDTD FOR GENERAL DISPERSIVE MEDIA A. ADI-FDTD FOR LINEAR DISPERSIVE MEDIA
To begin with, electric flux density D and the electric field intensity E is related as:
where ε 0 is the permittivity in free-space, ε ∞ is the relative permittivity at infinitely high frequency, and χ is the electric susceptibility. The electromagnetic field components are arranged in the Yee cells [10] . To implement the ADI-FDTD method, the update equations are given in Appendix. These formulas are valid for nonuniform cells. At the time before, the E-field is considered first in using the conventional FDTD [10] and ADI-FDTD [11] . In this paper, however, we will consider the H -field first, because the H -field can't be affected by permittivity dispersion of the media. The implicit H z components can be obtained by eliminating the E x (n + 1/2) (Appendix) components and we have
where
which the c 1 , c 2 , d 1 , d 2 , and d 3 are given in Appendix. The character is an auxiliary function for recursive convolution and we will discuss it later. The modified equations for the H x , H x (n + 1/2), H y (n + 1/2) components can be got similarly [19] . We can find this solution of the magnetic field components at the time of n + 1/2 by solving the linear equations. And then, we get the values in electric field. In the second procedure, by eliminating the E y | n+1 i±1/2,k+1/2 (Appendix) components, the simultaneous linear equations of H z (n + 1/2) can be obtained in the same form of the eqn. (2).
In the same way, other H -and E-field components at the time of n + 1 can be gotten. We need to pay special attention to eqn. (2) . It can be solved efficiently in tri-diagonal matrix form. The recursiveconvolution calculation of u only needs to add a little internal storage to save the last value [19] . These formulas are different from those in [11] , which are used to process nondispersive media only.
B. RECURSIVE-CONVOLUTION METHOD APPROACH
For a linear dispersive medium, e.g., is large plasma thickness between n + and p − layers in Figure. 3, the time-domain susceptibility functions [19] can be shown as
where s r and R r are the complex poles of χ(ω) = F {χ(t)} and the corresponding residues, respectively; U (t) is the unit step function, N is the number of poles. In order to solve this equation, we need a set of determined s r and given R r .
In Table 1 , the parameters of some commonly used dispersing media are given. Equation (1) shows a nonlocal temporal convolution relation between D and E for frequency dispered media. In order to simplify the computation of nonlocal convolution, the traditional FDTD method cannot be enough. We will introduce a uniform linear approach of E over the time interval t ∈ [n t, (n + 1) t] as shows:
when E(t) = 0, t ≤ 0. Substituting eqn. (4) and (5) into eqn. (1), which can be transformed into the form of discrete convolution sum, and we can get the recursive equation for general dispersive media, then we have
where ψ r n is an auxiliary function given by
in which
The values of χ r (0) and ξ r (0) can be shown in Table 1 . It is worth noting here that when the spatial discretization of χ(ω) can be used in linear dispersive medium, we can obtain the poles s r and residues R r through the frequency domain Prony's method [20] . In this way, the dispersion relation does not need to be fitted with Debye or Lorentz model. Next, we replace D with E for next step calculation. Form the first ADI-FDTD procedure, we have this equation:
Substituting (6) into (9), we obtained
where [19] x
We will calculate the spatial derivative of the center difference in eqn. (10) , and the result is given in (A-4). The expressions of E y and E z can be obtained by the same way.
C. CONFORMAL TECHNIQUE FOR ACCURATE MODELING OF CURVED SURFACE
The spiral inductor model is difficult to be built because some computation cells involve two or three media. The dielectric surface in the computational cells must be considered carefully to have accurate computations. An effective permittivity or permeability is assigned to E u or H u in the ADI-FDTD update equations. The effective parameter is simply given by
where V εm (m = 1, 2, and 3) are the volume of σ m in the cell. The proposed conformal algorithm is shown in Figure 2 . Using the DM model [12] , the dielectric interface is assumed to a straight line in cell, as shown in Figure. 2(b). The effective dielectric constants are given by
Similarly, other effectively constitutive parameters can also be obtained. We have to note that the H y (i, j + 1/2, k) and H z (i, j, k + 1/2) are located at the area of dielectric 2 with σ eff , and the H y (i, j + 1/2, k + 1) and H z (i, j + 1, k + 1/2) are located at area of dielectric 1 with the σ 1 . The ADI-FDTD update equations are thus written as
Similar update equations should be written for other five field components. There are different effective dielectric parameters on the six faces of a Yee cell. Therefore, coefficients c 1 , c 2 , d 1 , d 2 , d 3 , α m , β m , and γ m (m = 1, 2, and 3) will be succeed by the local effective constitutive parameters when the ADI-FDTD equations are used for a cell with different media. Since the equations contain the information of different media, computation results are very accurate. It is beneficial to point out that the newly proposed technique can match a complex-medium problem. such as the inductor model shown in Figure 1 . Practically, σ eff is not available when y 2 ≤ y/20 and we need to use the original parameter σ 1 or σ 2 . As compared with the conventional frequencyindependent FDTD solver, this conformal ADI-FDTD algorithm has higher computational efficiency and its geometric modeling is more accurate for a curved surface, which will be discussed in Section IV.
III. MODEL DESCRIPTION OF SPIRAL INDUCTORS ON-CHIP
A simplified spiral inductor model is shown in Figure 1 . By using a high-speed silicon bipolar technology, an integrated inductor provides three layers as shown in Figure 3 . At the top of the spiral is a metal layer, followed by the Si − metal layer and the buried layer. The n + sinker connects the buried layer to the ground plane. We know that the highly doped n + layer will affect the performance of inductor under the action of eddy current. So we chose to reduce these currents by adding honeycomb oxide trenches. In addition, by adding a mask step, improvements are made so that the buried layer can be removed, and also reduces the eddy current. Thereby, electrical shielding is performed between the spiral wire and the ground plate [21] . So there is a problem: When there is eddy current in the n + buried layer of high doping layer, the performance of inductor will be greatly affected. This is very slanted against the inductors. One way to solve this problem is to use the oxidation corrosion method on the spiral inductor to make the n + buried layer produce patterns (such as honeycomb) to prevent the conduction of eddy current. By further improvement, the buried layer can be cut off from the spiral inductor. Once the eddy currents have been reduced, the buried layer can be exploited profitably to electrically shield the spiral from the substrate. In addition, the dispersiveness of the layered media must be considered when we process the RF conducting loss. Assuming that the p − Si-substrate is Debye media, and that thin layer of the nonmagnetic plasma belongs to between n + and p − layers, the 3-D electromagnetic simulating methodology is investigated in the next section to deal with these media. Table 2 gives typical sizes of 4 integrated inductors. Their metal thickness (W m ) from 6 to 20 µm and inner diameters (D in ) from 50 to 150 µm, and a turn number of 2.5, 3.5, 4.5 adjacent turns and distance between ground plane and the spiral were set to 4 µm and 50 µm, respectively. Since the self-resonance frequency of bigger inductors is lower in RF applications, the 18 µm wide inductors is limited to 3.5 turns, and the 20 µm is limited to 2.5. 
IV. NUMERICAL RESULTS

A. CODE VERIFICATION OF PROPOSED ALGORITHM
To prove the appropriateness of the proposed method in the Section II, the Fortran program is developed based on the frequency-dependent conformal ADI-FDTD algorithm. Unsplit perfectly matched layer [10] is used in the boundary region. Practically, there are two types of dispersive media, i.e., Debye media and nonmagnetic plasma listed in Table 3 for the proposed inductor model. The thickness of the plasma region is 10.0 µm divided into 10 cells. For brevity's sake, the application of the Lorentz media will be discussed in our future work. The stability of our code has been checked; and the same procedures are as our previous work [22] . The line source of sinusoidal wave E z is placed in the center of the FDTD computation region with, 500×500×500 cells and the boundary is truncated by perfectly matched layer [10] . After running 3000 steps, the E z and H x distributions are shown in Figure 4 . We find from figures that the code works very stable and reflection of amplitude from interface of truncation region negligible.
B. ONE SAMPLE VERIFICATION
The integrated spiral inductors, inductance L (ω) and quality factor Q (ω) are given by
where R 11 (ω) is input impedance. The inductor size is d in = 150 µm, W m = 20 µm, and 2.
turns. Fabricated sample
The central frequency f c = 8.2 GHz is used. In the ADI-has been tested in our laboratory. The curve of |R 11 | is obtained by using the vector network analyzer PNA-X N5244A, as shown in Figure 5 . A differential Gaussian pulse is used as a source, we have
FDTD computation, the spatial domain is divided into nonuniform cells. The minimum cell size is 1.0 µm, t = 3.0 fs. Simulated results are also shown in the Figure 5 . We can find that the proposed conformal ADI-FDTD result is more accurate than the DM FDTD in the frequency range 0.1−10 GHz. The latter is considered dispersion media only; errors are mainly from staircase grids. At higher frequency, if we obtain the accurate result by the DM FDTD method, we must be required much more grids to model the spiral inductor; and required much more computation time. The computer resources are listed in the Table 4 for both FDTD techniques. If we adopt the conformal ADI-FDTD method, the total time step can be reduced to 1/5 of the original. The CPU time is also reduced to 1/5. But the times as much as the DM FDTD. The reason for the increase is that more matrices are calculated.
With the result of R 11 (ω), inductance L (ω) and quality factor Q (ω) can be obtained by using the conformal ADI-FDTD simulation. On the other hand, by using the PNA-X N5244A, both L (ω) and Q (ω) have been measured indirectly. Results are depicted in Figure 6 . Because dispersive characteristics of the media and conformal technique have been considered, the numerical results are in agreement very well with the measured data, and only a tiny memory and computation time increase is required compared to the DM FDTD method. Apparently, to inductor model accurately, dispersive characteristics of the media and conformal technique are included in the proposed ADI-FDTD method necessarily.
To allow for further comparison of simulation and experiment data, the magnitude of the Q(ω) is shown in Figure 6 . As compared with measurements, the maximum percentage errors of the simulations are also given in Table 4 . It has been seen from figures that the conformal ADI-FDTD results show fair agreement with measured data. This happens because following issues are taken under advisement: (i) accurate geometrical structure of the spiral inductor is considered using conformal technique; (ii) dispersive characteristic of the layered media is dealt with in the time domain; and (iii) interaction of materials and electromagnetic fields is finely imaged in the Maxwell equations and constitutive relation described by eqn. (1) . As compared to the measured data, more accurate results have been obtained by considering dispersive media. By the way, after running 10000 time steps, the results last convergence. This indicates that the proposed algorithm is very stable. Table 2 with turns of A-5.5, B-4.5, C-3.5, and D-2.5 turns, (a) inductance L(ω) and (b) quality factor Q (ω).
C. APPLICATIONS
The double-π equivalent circuit model degrades at higherfrequency because of using an approximate equivalent network and circuital parameters extraction by a partial fraction expansion [23] . The modeling methodology can be accepted by most designers since an understandable compact circuit form has been used. A little computation time is required for the elementary design. However, in practice, the doubleπ equivalent circuit model is employed to estimate the elementary parameters, and the conformal ADI-FDTD method is used to simulate the designing model accurately.
Using proposed methods, inductors in table 2 with turns of A-5.5, B-4.5, C-3.5, and D-2.5 are investigated in the frequency range 0.1-20 GHz. Fabricated sample has been tested in our laboratory by using the vector network analyzer PNA-X N5244A. The R 11 (ω) is obtained first, then inductance L(ω) and quality factor Q(ω) obtained indirectly, as shown in Figure 7 . Simulations and measurements of inductance L(ω) are shown in Figure 7 (a); and quality factor Q(ω) in the Figure 7(b) . Good agreement has been obtained for the peak quality factor, which is of utmost importance when inductors are optimized in a given operating frequency.
V. CONCLUSION
To give the radio frequency integrated circuit designing engineers a real benefit, an accurate conformal ADI-FDTD scheme has been introduced to analyze the spiral inductor on-chip. When we computed the field, we have considered the performance of loose dielectric and dispersive media. Using the proposed methods, several realistic inductors have been analyzed. Finally, a new design technique, useful to improve the spiral inductor circuital performances, has been implemented.
APPENDIX
Consider (1) in 3-D case. By applying the ADI principle that is widely used in solving parabolic equations, the FDTD solution marching from the nth to (n + 1)th time step is performed two procedures, we have First Procedure: 
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